Abstract. We establish a Hard Lefschetz Theorem for the de Rham cohomology of compact Vaisman manifolds. A similar result is proved for the basic cohomology with respect to the Lee vector field. Motivated by these results, we introduce the notions of a Lefschetz and of a basic Lefschetz locally conformal symplectic (l.c.s.) manifold of the first kind. We prove that the two notions are equivalent if there exists a Riemannian metric such that the Lee vector field is unitary and parallel and its metric dual 1-form coincides with the Lee 1-form. Finally, we discuss several examples of compact l.c.s. manifolds of the first kind which do not admit compatible Vaisman metrics.
1. Introduction 1.1. Antecedents and motivation. It is well known that the global scalar product on the space of k-forms in a compact oriented Riemannian manifold M of dimension m induces an isomorphism between the kth de Rham cohomology group H k (M ) and the dual space of the (m − k)th de Rham cohomology group H m−k (M ). So, using that the dimension of the de Rham cohomology groups is finite, we deduce the Poincaré-duality: the dimension of H k (M ) is equal to the dimension of H m−k (M ). In addition, in some special cases, one may define a canonical isomorphism between the vector spaces H k (M ) and H m−k (M ). For instance, if M is a compact Kähler manifold of dimension 2n then, using the (n − k)th exterior power of the symplectic 2-form, one obtains an explicit isomorphism between H k (M ) and H 2n−k (M ). This is known as the Hard Lefschetz isomorphism for compact Kähler manifolds (see [11] ).
On the other hand, it is well known that the odd dimensional counterparts of Kähler manifolds are Sasakian and co-Kähler manifolds (see [2, 3] ). In these cases, one may also obtain a Hard Lefschetz isomorphism as shown in [6] for Sasakian and in [7] for co-Kähler manifolds. For a compact co-Kähler manifold the Hard Lefschetz isomorphism depends only on the underlying cosymplectic structure and for a Sasakian manifold it depends only on the corresponding contact structure.
A particular class of Hermitian manifolds which are related to Kähler, co-Kähler and Sasakian manifolds are Vaisman manifolds introduced in [20, 21] . A Vaisman manifold is a locally conformal Kähler manifold M which has non-zero parallel Lee 1-form ω. This last condition is quite important in the complex case. However, we remark that in the compact quaternionic setting it is not restrictive. In fact, for a non-hyperKähler compact locally conformal hyperKähler manifold or for a non-quaternionic Kähler compact locally conformal quaternionic Kähler manifold one can always assume that the Lee 1-form is parallel (see the paper by Ornea and Piccinni [14] ).
In this paper we will assume, without loss of generality, that the Lee 1-form ω of a Vaisman manifold M is unitary. If J is the complex structure of M then the 1-form η := −ω • J is called the anti-Lee 1-form of M . The Lee vector field U is defined as the metric dual of ω, while the metric dual of η is called the anti-Lee vector field and is denoted by V . The following properties of Vaisman manifolds can be found in [8] and [12] :
-the couple (U, V ) defines a flat foliation of rank 2 on M which is transversely Kähler; -the foliation on M defined by V is transversely co-Kähler; -the orthogonal bundle to the foliation on M defined by U is integrable and the leaves of the corresponding foliation are c-Sasakian manifolds. The above results show that there is a close relationship between Vaisman manifolds on the one side and Kähler, co-Kähler, and Sasakian manifolds on the other side. In fact, the mapping torus of a compact Sasakian manifold has a canonical Vaisman structure. Moreover, in [15, 16] , Ornea and Verbitsky proved that any compact Vaisman manifold of dimension 2n + 2 is diffeomorphic to the mapping torus of a compact Sasakian manifold N of dimension 2n + 1. However, note that this diffeomorphism does not preserve in general the geometric structure of the manifold.
In view of the above mentioned Hard Lefschetz theorems for compact Sasakian and co-Kähler manifolds, a natural question arise: is there a Hard Lefschetz theorem for a compact Vaisman manifold? The aim of this paper is to give a positive answer to this question.
1.2.
The results in the paper. The main result of this paper is the Hard Lefschetz theorem for a compact Vaisman manifold which may be formulated as follows. 
which can be computed by using the following properties:
In this paper we write ǫ β for the operator of the exterior multiplication by a differential form β, and L is defined to be ǫ dη . The map Lef k : In order to prove Theorem 1.1, we will first use some results which concern the basic cohomologies of a compact oriented Riemannian manifold with respect to some Riemannian foliations. In fact, these results on basic cohomologies allow us to prove the U -basic Hard Lefschetz theorem below for a compact Vaisman manifold (this theorem is essential in the proof of Theorem 1.1). 
The map Lef
(M, U ), for 0 ≤ k ≤ n, will be called the U -basic Lefschetz isomorphism in degree k associated with the compact Vaisman manifold M . Remark 1.3. As we mentioned in Section 1.1, a compact Vaisman manifold M of dimension 2n+2 is diffeomorphic to the mapping torus of a compact Sasakian manifold S of dimension 2n+1 (see [16] ). Note that in general the original Vaisman structure differs from the one obtained from the Sasakian structure by the mapping torus construction. One can obtain a Hard Lefschetz isomorphism for the de Rham cohomology of M using the results in [6] for this new Vaisman structure. However, this isomorphism is not given in terms of the original Vaisman structure on M (as in our Theorem 1.1). For this reason, our approach in this paper is to use some results on the basic cohomology associated with the Lee vector field U of M .
For a Vaisman manifold M of dimension 2n+2, the couple (ω, η) of the Lee and anti-Lee 1-forms defines a locally conformal symplectic (l.c.s.) structure of the first kind with anti-Lee vector field V and infinitesimal automorphism U (see [22] and Section 2 for the definition of an l.c.s. structure of the first kind). Note that the definition of the Hard Lefschetz and the basic Hard Lefschetz isomorphism associated with M only depends on the l.c.s. structure of the first kind. Hence, both isomorphisms provide obstructions for an l.c.s. manifold of the first kind to admit Vaisman structures. Now, let M be a compact manifold of dimension 2n + 2 endowed with an l.c.s. structure of the first kind (ω, η). Suppose that U and V are the anti-Lee and Lee vector field, respectively, on M .
Then, the previous results suggest us to introduce the following Lefschetz relation between the cohomology groups H k (M ) and
Similarly, we define the U -basic Lefschetz relation between the basic cohomology groups
An l.c.s. structure on M of the first kind is said to be: -Lefschetz if, for every 0 ≤ k ≤ n, the relation R Lef k is the graph of an isomorphism 
Then:
there exists a non-degenerate bilinear form
which is skew-symmetric for odd k and symmetric for even k. As a consequence,
where b r (M ) is the rth Betti number of M .
We remark that relations in (1.2) are well-known properties of the Betti numbers of a compact Vaisman manifold of dimension 2n + 2 (see [8, 21] ).
1.3. Organization of the paper. In Section 2 we review some known results on locally conformal symplectic, contact and Vaisman manifolds. In Section 3, we will discuss several results on the basic cohomology of some transversely oriented Riemannian foliations on compact Riemannian manifolds. In Sections 4 and 5, we will prove Theorems 1.2 and 1.4, respectively. As a consequence Theorem 1.1 is also proved in Section 5. Finally, in Section 6, we give several examples of compact l.c.s. manifolds of the fist kind which do not admit compatible Vaisman metrics. Some of these examples satisfy the Lefschetz property and the basic Lefschetz property and others not.
All manifolds considered in this paper will be assumed to be smooth and connected. For wedge product, exterior derivative and interior product we use the conventions as in Goldberg's book [10] .
Locally conformal symplectic, contact and Vaisman manifolds
In this section we will review the definition of a locally conformal symplectic (l.c.s.) structure of the first kind, of a contact structure and of a Vaisman manifold. More details can be found in [1, 8, 13, 22 ].
An l.c.s. structure of the first kind on a manifold M of dimension 2n + 2 is a couple (ω, η) of 1-forms such that:
(ii) the rank of dη is 2n and ω ∧ η ∧ (dη) n is a volume form.
The form ω is called the Lee 1-form while η is said to be the anti-Lee 1-form. If (ω, η) is an l.c.s. structure of the first kind on M then there exists a unique vector field V , the anti-Lee vector field of M , which is characterized by the following conditions
Moreover, there exists a unique vector field U , the Lee vector field of M , which is characterized by the following conditions
Remark 2.1. If (ω, η) is an l.c.s. structure of the first kind then the 2-form
is non-degenerate and
Moreover, the Lee vector field U satisfies the condition L U Ω = 0. In other words, Ω is an l.c.s. structure of the first kind in the sense of Vaisman [22] with Lee 1-form ω and infinitesimal automorphism U . Conversely, if Ω is an l.c.s. structure of the first kind with Lee 1-form ω and infinitesimal automorphism U then the rank of dη is 2n and ω ∧ η ∧ (dη) n is a volume form, with η the 1-form on M given by
The typical example of a compact l.c.s. manifold of the first kind is the product of a compact contact manifold with the circle S 1 . We recall that a 1-form η on a manifold N of dimension 2n + 1 is said to be a contact structure if η ∧ (dη) n is a volume form. In such a case, there exists a unique vector field ξ on N , called the Reeb vector field, which is characterized by the following conditions
If η is a contact structure on N then the product manifold M = N × S 1 admits a l.c.s. structure of the first kind which is given by (pr * 2 θ, pr * 1 η), where θ is the volume form of length 1 on S 1 and pr 1 : M → N and pr 2 : M → S 1 are the canonical projections. The Lee and anti-Lee vector fields on M are the Reeb vector field ξ and E, respectively, with E the canonical vector field on S 1 . A Vaisman manifold is an l.c.s. manifold of the first kind (M, ω, η) which carries a Riemannian metric g such that:
(1) the tensor field J of type (1, 1), given by
is a complex structure which is compatible with g, that is,
(2) the Lee 1-form ω is parallel with respect to g.
If ω is the Lee 1-form of a Vaisman manifold M then ω is a positive constant. We will assume, without loss of generality, that ω is unitary which implies that the anti-Lee and Lee vector fields U and V are also unitary.
If (M, J, g) is a Vaisman manifold one may prove that U is parallel (and, thus, Killing), V is Killing and
So, the foliation of rank 2 which is generated by U and V is transversely Kähler. As we expected, the existence of a Vaisman structure on a compact manifold implies several topological restrictions. In fact, from (2.1), (2.2) and (2.3), it follows that a Vaisman manifold is locally conformal Kähler (l.c.K.) and the existence of a l.c.K. structure on a compact manifold M also implies that the topology of M must satisfy some conditions (see [17] ).
Some results on the basic cohomology of Riemannian foliations
Let F be a transversely oriented Riemannian foliation on a compact Riemannian manifold P with a bundle-like metric g. We define the basic de Rham complex with respect to F by
The exterior derivative d restricts to a cohomology operator d F on basic forms. The corresponding basic cohomology will be denoted by H k B (P, F ). Recall that a vector field W is said to be foliated with respect to the foliation F if [W, Γ(T F )] ⊂ Γ(T F ). Let (P, F ) be a foliated manifold and W a parallel unitary foliated vector field on P which is orthogonal to F . Then, we can enlarge the foliation F by adding the vector field W , defining a new foliationF := F , W . The following theorem relates the corresponding basic cohomologies H * B (P, F ) and H * B (P,F ). Theorem 3.1. Let F be a transversely oriented Riemannian foliation on a compact oriented Riemannian manifold (P, g) of dimension p and W be a unitary and parallel foliated vector field on P that is orthogonal to F . Denote by w the metric dual 1-form of W and letF := F , W . Then for each integer k between 0 and p, the map
Considering as a special case F to be the zero foliation on P , one can relate the de Rham cohomology H * (P ) to the basic cohomology H * B (P, W ) with respect to the vector field W . Corollary 3.2. Let W be a unitary and parallel vector field on a compact oriented Riemannian manifold (P, g) of dimension p. Denote by w the metric dual 1-form of W . Then for each integer k between 0 and p, the map
is an isomorphism.
The rest of this section is devoted to prove Theorem 3.1. First we need to recall some preliminary results.
Denote by ⋆ the Hodge star isomorphism on P and by δ the codifferential, defined for a k-form θ on P by
Note that (see page 97 in [10] )
Let {W 1 , . . . , W p } be a local orthonormal basis of vector fields on P and {w 1 , . . . , w p } the corresponding dual basis of 1-forms. We have that
where ∇ is the Levi-Civita connection on P and ǫ w j is the operator of the exterior multiplication by the 1-form w j . Using (3.4), the following result clearly holds.
is the orthogonal projection on the space of basic forms. Then, basic Hodge theory for the basic Laplacian
is the space of basic-harmonic k-forms, we have the orthogonal decomposition [18] ). Thus, there exists a basic Green operator
(for more details, see [18] ). Now, we prove that the following property of the standard Green operator also holds in the foliated case. Proof. Let S be a linear operator on Ω *
First, we prove that H F S = SH F . By composing (3.6) with S on the left we have
On the other hand, by composing with S on the right and using (3.7) we get
From (3.8) and (3.9) we obtain
Now, by composing with H F on the right and using that ∆ F H F = 0 we get (3.10)
Moreover, starting from (3.5) and performing steps similar to the above, one gets
From (3.10) and (3.11) we conclude that H F commutes with S as claimed. Now, from (3.6) we have
Since H F commutes with S and H F G F = 0 we get
Moreover, as S commutes with ∆ F and using (3.5) we have
Since S commutes with H F and G F H F = 0 we obtain
From (3.12) and (3.13) we conclude that SG F = G F S.
Next, we will prove Theorem 3.1.
Proof of Theorem 3.1. We will proceed in two steps.
We will prove that the inclusion map
induces an isomorphism between the corresponding cohomology groups
δ F is the basic codifferential and G F is the basic Green operator with respect to F . Then, by using (3.5) we have
since G F commutes with d, dβ = 0 and H F β = 0.
It is clear that γ is basic. Thus, in order to show that β is exact in Ω *
First, note that since W is a foliated vector field we have
Now, note that (3.14) implies
where L * W is the adjoint operator of L W with respect to the global scalar product in 
Let θ ∈ Ω k (P ). We can decompose it as
Using (3.14) and (3.15) we obtain that
LW . This proves the injectivity of [i] .
Next, we will see F ) . We will now prove that for each integer k between 0 and p, the map (3.16)
is an isomorphism. Let us start by checking that it is well defined. Consider β ∈ Ω k B (P, F )
LW . We will first show that (3.17) i W ǫ w β ∈ Ω k B (P,F ). Now, for any X ∈ Γ(T F ) we have that the graded commutator [i X , ǫ w ] satisfies (3.18) [i X , ǫ w ] = ǫ iX w = 0, as i X w = g(W, X) = 0, and
Thus, by using (3.18) and (3.19) we get
Further, we have that i W (i W ǫ w β) = 0 and
This completes the proof of (3.17). Now, we will check that
B (P,F ). Indeed, the conditions i W (i W β) = 0 and L W (i W β) = 0 are clearly satisfied. Moreover, for any
Moreover, note that i W β and i W ǫ w β are closed, assuming that β ∈ Ω k B (P, F ) LW is closed. Indeed, we have
since L W commutes with ǫ w and dw = 0.
We also have that
Indeed,
and i W γ belongs to Ω k−2 B (P,F ), due to (3.20) . We conclude that the map (3.16) is well defined. Consider now the map
Let us check that it is well defined. Clearly, we have
due to (3.18), and
thanks to (3.19). We conclude that
Suppose dα = 0 and dβ = 0. Then
and it is easy to check that ǫ wγ ∈ Ω k−1 B (P, F ) LW . This completes the proof that the map (3.21) is well defined. Finally, one can easily check that it is the inverse of the map (3.16).
Proof of Theorem 1.2
Proof. We will proceed in two steps. First step. Using the results in [9] on Hard Lefschetz isomorphisms for transversely Kähler foliations and the fact that the foliation generated by the Lee and anti-Lee vector fields on M is transversely Kähler, we will see that it is possible to define a morphism
This map will be just the inverse morphism of the U -basic Lefschetz isomorphism in degree k.
Since the anti-Lee vector field V of our compact Vaisman manifold M 2n+2 is unitary and Killing, we can apply [19, Theorem 6.13] to V . We obtain a long exact sequence of cohomology groups 
Since the vertical maps in the above diagram are isomorphisms and the upper sequence is exact, we get that the lower sequence is also exact. Moreover, note that the bottom sequence splits in two copies of (4.1)
Since every Vaisman manifold is transversely Kähler with respect to the 2-dimensional foliation defined by the Lee and anti-Lee vector fields, we can apply El Kacimi-Alaoui results [9] . In fact, he proves a transversely Hard Lefschetz theorem in cohomology [9, page 97] which in our case gives that
is an isomorphism, for all 0 ≤ k ≤ n. Therefore, the map
Now, consider the following part of the long exact sequence (4.1)
is injective we get that [i V ] is zero and hence the map
is surjective. In particular, for k = 1 we have that (4.3) [Id] :
is an isomorphism. Moreover, taking also into account the injectivity of [ǫ dη ], from (4.1) we obtain the following short exact sequence
The transversal Hard Lefschetz theorem also implies that the map
is surjective, for each 1 ≤ k ≤ n. We consider the following part of the long exact sequence (4.1) (4.5)
is a zero map. Hence
Using the transversal Hard Lefschetz isomorphism (4.2), we can zip the exact sequences (4.4) and (4.7) like in the following diagram
where the operator T k in the diagram is defined as
Note that T k , with k = 0, 1, may be defined in a similar way, that is, (4.9)
Second step. We will see that the linear map
, with 0 ≤ k ≤ n, is an isomorphism and that the inverse morphism of T k is just the U -basic Lefschetz isomorphism in degree k Lef
(M, U ). For k = 1, using (4.9) we have that T 1 is an isomorphism, as the maps in (4.3) and (4.6) are isomorphisms.
On the other hand, from Theorem 3.1 and Corollary 3.2, we deduce that the maps
are isomorphisms and that the inverse morphisms are
n ] and the map (4.10)
also is an isomorphism. Therefore, from (4.9) we deduce that T 0 is an isomorphism.
Next, we will show that T k is an isomorphism of vector spaces for 2 ≤ k ≤ n.
Let us start by proving the injectivity of
As Lef UV k−2 is an isomorphism, we get that w = 0 and therefore (Lef
is injective we conclude that x = 0. Now we will check surjectivity. Let
Further, we multiply (4.12)
on the left and we use that
and therefore the exactness of the bottom sequence implies that there is
We conclude that T is also surjective. Next, we will show that property (i) in the claim of Theorem 1.2 holds.
where [β ′′ ] UV is the cohomology class in H k B (M, U, V ) induced by β ′′ . Moreover, using a result in [9] (see [9, Proposition 3.4.5]), we have that the operator ǫ dη commutes with the U, V -basic Laplacian and, so, ǫ dη sends U, V -basic-harmonic forms into U, V -basic-harmonic forms. Thus,
and, from (4.2), we have that
Next, we check that β ′ := β ′′ − ǫ dη γ has the required properties in (i). Indeed, we have
since i U dη = 0 and i U γ = 0. Thus [ǫ dη γ] U = 0 and (4.13) holds. Now, we consider the map
defined as the inverse of the isomorphism T k , that is, Lef
k . We will show that Lef
First of all, condition (i) implies
Proof of Theorem 1.4
Proof. Proof of (1) in Theorem 1.4
(Lefschetz ⇒ basic Lefschetz) Assume that the l.c.s. structure (ω, η) is Lefschetz and denote by
2). Let β be a closed basic k-form on M , with k ≤ n. Then, there exists a closed k-form β
, where G is the Green operator on M . Then L Uβ = 0 since L U β = 0 and L U commutes with G and δ, as U is a Killing vector field.
From the properties of the Green operator, it follows that
Therefore, if we take
This implies that
Moreover, from (5.1) and (5.2), it follows that
This shows that every class [β] U contains a representative β ′′ that satisfies (1.1). We define Lef
We must prove that Lef U k is well defined and is an isomorphism. To show that Lef U k is well defined, we have to check that for any
Since β ′ and β ′′ are basic and
it is easy to check that β ′ and β ′′ satisfy (5.1). Moreover, they are representatives of [β] ∈ H k (M ). Thus by the defining properties of Lef k , we have
is well defined and satisfies the required property for its computation. From (5.4), we get that
By Poincaré duality for basic cohomology [19, Theorem 7 .54] (see also calculations on page 69 of [19] 
Thus Lef k U is an isomorphism, being an injective map between two vector spaces of the same dimension.
(Basic Lefschetz ⇒ Lefschetz)
Assume that the l.c.s. structure on M is basic Lefschetz. Let γ be a closed k-form on M , with k ≤ n. We have to show that there is γ
B (M, U ) for some basic forms γ 1 and γ 2 on M . Since the basic Lefschetz property holds, we can choose γ
and it is easy to see that γ ′ ∈ [γ] and
Now, consider the following isomorphisms
where σ is the canonical involution and Lef
(M, U ) is the isomorphism whose graph is the basic Lefschetz relation R B Lefr . We define the map Lef k :
It is straightforward that Lef k is an isomorphism. It is left to show that for any closed form γ ∈ Ω k (M ) that satisfies (5.1), we have
Let γ 1 = i U (ω ∧ γ) and γ 2 = i U γ. Note that the forms γ 1 and γ 2 are closed and obviously i U γ 1 = i U γ 2 = 0. Thus they represent certain classes in H *
Moreover, γ 1 satisfies the conditions
Now, we get by definition of the map Lef k that
This proves the first part of Theorem 1.4.
Proof of (2) in Theorem 1.4
Assume that the l.c.s. structure (ω, η) is Lefschetz (or, equivalently, basic Lefschetz) and denote by Lef . Since U is a parallel vector field, we get that the mean curvature κ of the foliation U is zero. Moreover, the characteristic form of U is ω (see page 69 of [19] ). Therefore, by Theorem 7.54 in [19] , we have a non-degenerate pairing
Since Lef U k is an isomorphism, we get that the bilinear form (5.9)
we get that
This shows that ψ is symmetric if k is even, and skew-symmetric if k is odd. Consequently, for odd k between 1 and n, c k (
On the other hand, from Theorem 3.2 we deduce that
Since c k (M ) and c k−2 (M ) are both even, we get that
Finally, we derive Theorem 1.1 from the previously proved results. In this section, we will construct examples of compact l.c.s. manifolds of the first kind which do not satisfy the Lefschetz property. We will also present an example of a compact Lefschetz l.c.s. manifold of the first kind which does not admit compatible Vaisman metrics. In order to do this we will use the following proposition. Proof. The first claim is well known and can be found in [22] . We will prove (ii). Denote by F the vector subbundle induced by the foliation ω = 0. Then T M = F ⊕ U . From an arbitrary Riemannian metric g N on N , we can define a Riemannian metric g on M such that π : (M, g) −→ (N, g N ) is a Riemannian submersion with the horizontal subbundle F and the vector field U is unitary with respect to g. This implies that ω(X) = g(X, U ). Moreover, it is easy to prove that U is a Killing vector field. Thus, since the dual 1-form to U with respect to g is ω and it is closed, we conclude that U is parallel.
Under the same conditions as in Proposition 6.1, it is clear that the basic Lefschetz property for the l.c.s. manifold M is equivalent to the Lefschetz property for the base contact manifold N . We recall that on a contact manifold of dimension 2n + 1 with contact structure η and Reeb vector field ξ, we may define the Lefschetz relation between the de Rham cohomology groups H k (N ) and H 2n+1−k (N ), for 0 ≤ k ≤ n, by
where L is the operator ǫ dη . Then, η is said to be a contact Lefschetz structure if the relation R Lef k is the graph of an isomorphism Lef k : H k (N ) → H 2n+1−k (N ) (see [6] ). So, using Theorem 1.4 and Proposition 6.1, we deduce the following result. Note that (1) follows using that b k (N ) is even if k is odd and k ≤ n, with dim N = 2n + 1 and b k (N ) the k-th Betti number of N . On the other hand, in [5] , we present an example of a compact Lefschetz contact manifold N which does not admit any Sasakian structure. So, the standard l.c.s. structure of the first kind on M = N × S 1 is Lefschetz and basic Lefschetz. However, M does not admit compatible Vaisman metrics.
We conclude stating an open problem concerning these topics. It would be interesting to find examples of compact l.c.s. manifolds of the first kind which satisfy the basic Lefschetz property but they do not satisfy the Lefschetz property and vice versa.
